Abstract. A contact path geometry is a family of paths in a contact manifold each of which is everywhere tangent to the contact distribution and such that given a point and a one-dimensional subspace of the contact distribution at that point there is a unique path of the family passing through the given point and tangent to the given subspace. A contact projective structure is a contact path geometry the paths of which are among the geodesics of some affine connection. In the manner of T.Y. Thomas there is associated to each contact projective structure an ambient affine connection on a symplectic manifold with one-dimensional fibers over the contact manifold and using this the local equivalence problem for contact projective structures is solved by the construction of a canonical regular Cartan connection. This Cartan connection is normal if and only if an invariant contact torsion vanishes. Every contact projective structure determines canonical paths transverse to the contact structure which fill out the contact projective structure to give a full projective structure, and the vanishing of the contact torsion implies the contact projective ambient connection agrees with the Thomas ambient connection of the corresponding projective structure. An analogue of the classical Beltrami theorem is proved for pseudo-hermitian manifolds with transverse symmetry.
Introduction
This paper makes a thorough study of contact projective structures, certain geometric structures supported by a contact manifold, (M, H). Along with conformal, CR, and projective structures; path geometries; and almost Grassmannian geometries; contact projective structures are examples of curved geometric structures modeled on a homogeneous quotient, G/P , where G is semi-simple and P is a parabolic subgroup. For contact projective structures the model G is the real symplectic linear group and P is the subgroup fixing a one-dimensional subspace of the defining representation of G, and corresponding to marking the first node on the Dynkin diagram C n .
The study of the geometry of such structures is facilitated by the construction from some underlying geometric data, e.g. a section of a weighted tensor bundle (as for conformal structures) or a foliation (as for generalized path geometries), of a P principal bundle supporting a (g, P ) Cartan connection (for background on Cartan connections see [6] or [18] ). For this there are various approaches, e.g. E. Cartan's method of equivalence, T.Y. Thomas's ambient constructions, or N. Tanaka's Lie cohomological prolongations. Theorems associating canonical regular, normal Cartan connections to broad classes of generalized G-structures on filtered manifolds have been proved by N. Tanaka, [22] , T. Morimoto, [16] , and A.Čap -H. Schichl, [4] . The projective and contact projective structures are exceptional for these theorems because in these cases a certain Lie algebra cohomology fails to vanish (see [5] and [27] ). The local equivalence problem for projective structures was in any case solved by various methods by E. Cartan, T.Y. Thomas, and H. Weyl in the 1920's. J. Harrison, [13] , andČap-Schichl solved the local equivalence problem for structures corresponding to a subclass, characterized by the vanishing of an invariant contact torsion, of what are here called contact projective structures. The main result of this paper is an ambient construction in the manner of T.Y. Thomas which is used to associate to each contact projective structure a canonical regular Cartan connection which is normal if and only if the invariant contact torsion vanishes. ('Regular' and 'normal' are used as in [6] ). The need to consider non-normal Cartan connections seems the most interesting aspect of this paper. Additionally, the basic local geometry of contact projective structures is described; as an application there is proved a pseudo-hermitian analogue of the classical Beltrami theorem.
Call a smoothly immersed one-dimensional submanifold a path. Call a path everywhere tangent to the contact distribution a contact path. The model contact projective structure is the projectivization of a symplectic vector space with the family of contact lines comprising the images in the projectivization of the two-dimensional isotropic subspaces. A contact projective structure is flat if it is locally equivalent to this model. Every three-dimensional contact path geometry is locally equivalent to that contact path geometry determined by the solutions of a third order ODE considered modulo contact transformations, and the local equivalence problem for these structures was solved by S.-S. Chern, [8] . The study of the higher dimensional contact path geometries is an ongoing project of the author; in this paper attention is restricted to the contact projective structures. The study made here of contact projective structures is modeled on the classical study of projective structures.
Definition 1.2.
A path geometry on an n-dimensional smooth manifold, M , is a (2n − 2) parameter family of paths in M , such that for every x ∈ M and each L ∈ P(T x M ), there is a unique path of in the family passing through x and tangent to L. Two such families of paths are equivalent if there is a diffeomorphism of M mapping the paths of one family onto the paths of the other family. A projective structure is a path geometry the paths of which are among the unparameterized geodesics of some affine connection. Equivalently, it is an equivalence class of torsion-free affine connections, [∇] , such that the unparameterized geodesics of any two representative connections are the same. Two projective structures are equivalent if they are equivalent as path geometries.
Using his method of equivalence, Cartan, [7] , attached to each projective structure a unique regular, normal Cartan connection. T.Y. Thomas's construction of an 'ambient' affine connection associated to a projective structure provides an alternative to the method of Cartan. On a manifold with a projective structure there is a distinguished family of torsion free affine connections parameterized by the possible choices of a volume form. The ambient manifold is the total space of the R × principal bundle of non-vanishing 1 n+1 -densities on the n-dimensional base manifold. Thomas built a functor associating to each projective structure a Ricci flat torsion-free affine connection on the ambient manifold, homogeneous in the vertical direction and making parallel a canonical volume form.
In his thesis, [13] , J. Harrison called by 'contact projective structures' certain projective structures on a contact manifold suitably adapted to the contact structure, and showed that Thomas's ambient connection parallelized a canonical symplectic structure, and from this built a tractor connection. It is worth emphasizing that Harrison's initial data of a full projective structure, which is a 4n−4 parameter family of paths, comprises strictly more data than the 4n − 5 parameter family of paths herein assumed given. That the projective structures studied by Harrison correspond to the subclass of contact projective structures determined by the vanishing of the invariant contact torsion is a consequence of Theorem 3.2, which associates to each contact projective structure a full projective structure. In Section 3.24 of [4] ,Čap and Schichl describe efficiently and briefly a construction of a canonical regular, normal Cartan connection in a setting which corresponds also to the case of contact projective structures with vanishing contact torsion. They formulate the input data as a choice of a section of the subbbundle comprising elements with co-closed torsion of a certain vector bundle, constructed in section 3.13 of [4] , over an abstractly given P principal bundle. This choice determines a harmonic P frame bundle of length two to which a general prolongation procedure is applied. It also determines a class of partial connections on the contact distribution, from which may be constructed a contact projective structure which necessarily has vanishing contact torsion. It is not clear whether this construction could be generalized to encompass contact projective structures with non-vanishing contact torsion.
The rest of the introduction describes in more detail the results of this paper. Attached to each contact projective structure is the equivalence class of affine connections comprising those connections each of which has among its unparameterized geodesics the given contact geodesics. The choice of contact one-form is refered to as a choice of scale. Such a choice is analogous to the choice of a representative metric on a conformal manifold or a pseudo-hermitian representative on a CR manifold. Theorem A is a direct analogue of results about conformal or CR structures, associating to each choice of scale a unique affine connection.
Theorem A. On a contact manifold, let a contact projective structure be given. Choose a contact one-form, θ, and let T denote its Reeb vector field. There exists a unique affine connection, ∇, with torsion tensor, τ , having among its unparameterized geodesics the given contact geodesics and satisfying:
1. ∇θ = 0.
2. ∇dθ = 0.
3. i(T )τ = 0.
The trace of the torsion of ∇ vanishes.
As the torsion is a 1 2 -tensor, it may be contracted on its up index and either down index. Because the torsion is skew-symmetric in its down indices, condition 4 does not depend of the choice of down index, and the interior multiplication in condition 3 may be taken in either index. The connection, ∇, of Theorem A preserves H and the symplectic structure induced on H by dθ.
A piece of the torsion of the connection associated by Theorem A to the given choice of scale, essentially the torsion in the contact directions, does not depend on the choice of scale, and is therefore an invariant of the contact projective structure. In general, this contact torsion need not vanish, although it necessarily vanishes in dimension three. In Theorem 2.2 there is constructed a contact projective structure with contact torsion prescribed in a open neighborhood, and the space of contact projective structures with a given contact torsion is parameterized explicitly by sections of the bundle of completely symmetric covariant three tensors on the contact distribution. In particular there exist locally infinitely many inequivalent contact projective structures with vanishing contact torsion. When the contact torsion vanishes there is a contact projective Weyl curvature invariant under change of scale. In dimension at least 5 the contact torsion and the contact projective Weyl tensor are the complete obstruction to local equivalence to the flat model. In dimension three the contact torsion and the contact projective Weyl tensor vanish identically and there is an invariant tensor, analogous to the Cotton tensor of three-dimensional conformal geometry, which is the complete obstruction to local flatness.
The classical Beltrami theorem states that the projective structure determined by the geodesics of a Riemannian metric is flat if and only if the metric has constant sectional curvature. The contact geodesics of a pseudo-hermitian structure generate a contact projective structure, and Theorem 5.3 shows that the contact projective structure induced by an integrable pseudo-hermitian structure with transverse symmetry is flat if and only if the Webster sectional curvatures are constant.
Theorem B is an analogue for contact projective structures of the ambient construction of T.Y. Thomas. In the theorem the 'ambient' manifold, L, is a squareroot of the bundle of positive contact one-forms on the co-oriented contact manifold, (M, H); X is the vertical vector field generating the dilations in the fibers of L → M ; α is the tautological one-form on L; and Ω = dα is the canonical symplectic structure on L. Any (local) section, s : M → L, determines a horizontal lift,X ∈ Γ(T L), of a vector field X ∈ Γ(T M ). The curvature tensor of an affine connection,∇, on L, is denotedR IJK L , and indices are raised and lowered with Ω IJ . A projective structure on a contact manifold is said to be subordinate to a contact projective structure if the contact geodesics of the contact projective structure are among the geodesics of the projective structure. Theorem 3.2 shows that each contact projective structure determines a canonical subordinate projective structure. If the contravariant part of the projective Weyl tensor of a subordinate projective structure takes values in the contact distribution, the projective structure is called contact adapted. Corollary 3.1 shows that every contact adapted projective structures arises as the canonical projective structure subordinate to a contact projective structure with vanishing contact torsion. The projective structures considered by Harrison in [13] are exactly the contact adapted projective structures.
Using Theorem B and the tractor formalism ofČap -R. Gover, [3] , there is built from the ambient connection a canonical Cartan connection associated to each contact projective structure. Each choice of L determines a tractor bundle and a canonical P principal bundle, π : G → M , the bundle of filtered symplectic frames in the tractor bundle. A (g, P ) Cartan connection on G is called compatible if it is regular and it induces the underlying co-oriented contact structure. In general, many compatible Cartan connections induce a given contact projective structure. The Cartan connection built from the ambient connection is a canonical representative of an isomorphism class of such connections distinguished by certain algebraic restrictions on the values taken by their curvature functions. There is defined in Section 4.4 a P -submodule K ⊂ Λ 2 ((g/p) * ) ⊗ g such that the following theorem holds (p is the Lie algebra of P ). The geometric data of the contact paths is regarded here as the primary structure; a canonical Cartan connection is built from them as a tool for their study. This connection is not, in general, normal, and requiring normality would not be natural because there is no obvious a priori way to distinguish the corresponding underlying families of contact paths. When the contact torsion vanishes, the connection produced by Theorem C coincides with that constructed byČap-Schichl in [4] .
AndreasČap generously communicated his ideas about contact projective structures and he made helpful remarks about the prolongation procedure of [4] . I thank him for his comments which have influenced the point of view taken here. This project benefited at every stage from the guidance and criticism given the author by Robin Graham. This paper is based on part of the author's Ph.D. thesis at the University of Washington.
Contact Projective Structures

Preliminaries and Notational Conventions.
A contact manifold is a smooth (2n−1)-dimensional manifold, M , with a maximally non-integrable, codimnesion 1 distribution, H. A contactomorphism is a diffeomorphism of M that preserves H. A contact one-form is a non-vanishing one-form, θ, annihilating H.
If an orientation is fixed on (T M/H)
* , M is called co-oriented, and a choice of θ consistent with the given co-orientation is called positive. It will be assumed, usually without comment, that (M, H) has a fixed co-orientation, and π : C → M will denote the R >0 principal bundle of positive contact one-forms. Each choice of θ determines uniquely a Reeb vector field characterized by θ(T ) = 1 and i(T )dθ = 0. Lowercase Latin indices will run from 1 to 2n − 2. Lowercase Greek indices will run from 0 to 2n− 2. A coframe, θ α , is θ-adapted if θ 0 = θ and θ i (T ) = 0. An adapted coframe determines a dual frame, E α , such that E 0 = T and the E i span H. When a contact form is fixed, an adapted coframe and corresponding dual frame will be assumed fixed also. The notations S [α1...α k ] and S (α1...α k ) denote, respectively, the complete skew-symmetrization and the complete symmetrization over the bracketed indices. Sometimes the abstract index notation will be used, so that equations with indices have invariant meaning. Greek abstract indices label sections of tensor bundles on M , while Latin abstract indices label sections of the tensor powers of H and H * , so that an expression such as τ [ij] k indicates a section of Λ 2 (H * ) ⊗ H. Each θ determines a splitting, T M = H ⊕span{T }, which induces a splitting of the full tensor bundle. Using these splittings Latin abstract indices may be interpreted as the components of a tensor with respect to a θ-adapted coframe and dual frame. The components of ω = dθ are ω αβ = ω [αβ] = ω(E α , E β ). As ω 0α = 0, ω may be written
Latin indices may be raised and lowered using ω ij according to the following conventions. Defining ω kl by ω kl ω lj = −δ j k , let γ p = ω pq γ q , and γ p = γ q ω qp . It is necessary to pay attention to which index is raised or lowered as, for instance, η p γ p = −η p γ p . There vanishes the trace, using ω pq , over any pair of indices in which a tensor is symmetric. As, for any S i1...i 2k+1 , the contraction,
Under a change of scale,θ = f 2 θ, (f = 0), the symplectic structure defined on H by the restriction to H of ω rescales by f 2 , so there is a well-defined conformal symplectic structure on the contact hyperplane. The non-degeneracy of dθ on H is equivalent to θ ∧ (dθ) n−1 = 0. Under rescaling this volume transforms by
Aθ-adapted coframe and corresponding dual frame, are defined bỹ
where γ = d log f . The coordinate expressions of tensors labeled with a˜are taken with respect to theθ-adapted coframe and dual frame defined in (2.2), unless there is made a specific indication otherwise. The expressionω ij has an invariant meaning; it indicates the section of Λ 2 (H * ) obtained by restrictingω to H. Alternatively, ω ij may be viewed as the components ofω with respect to aθ-adapted coframe.
Every affine connection, ∇, decomposes as
, where the skew-symmetric 1 2 -tensor, τ , is the torsion of ∇, and the torsion-free affine connection, S ∇, is the symmetric part of ∇. The difference tensor, Λ, of two affine connections,∇ and ∇, is the
The difference of the torsions of the connections is
The following equation describes the action of the difference tensor on the tensor S
There will be used sometimes the specialization obtained by regarding half the torsion tensor of a connection as the difference tensor of the connection and its symmetric part. Finally, for any k-form, η, there holds
Canonical Representative Connections.
A parameterized curve, γ, describes the same path as does a geodesic of the affine connection, ∇, if and only iḟ γ ∧ ∇γγ = 0. An affine connection, ∇, on (M, H) is said to admit a full set of contact geodesics if every geodesic of ∇ tangent to H at one point is everywhere tangent to H. 
Note that the condition ∇ (i θ j) = 0 does not depend on the choice of scale.
Proof. This follows from the observation that for any geodesic, γ, and any connection, ∇, there holdsγ 0 =γ iγj ∇ (i θ j) . 
2. There is a smooth section, σ, of
Proof. First it will be shown that if ∇ and∇ admit that same full set of unparameterized contact geodesics, then conditions 1 and 2 are satisfied by the difference tensor Λ. Choose a contact one-form θ. By Lemma 2.1 and (2.4), Λ (ij) 0 = 0. That the path of a parameterized curve, γ, is the path of a contact geodesic for each of ∇ and ∇ meansγ ∧ Λ(γ,γ) = 0. Since∇ and ∇ admit the same full set of contact geodesics, this implies
Tracing (2.6) in q and k gives 2 with
For the converse, let γ be a contact geodesic for ∇ with its affine parameterization. Then∇γγ = ∇γγ + Λ(γ,γ) = 2σ(γ)γ, so thatγ ∧∇γγ = 0, and γ traces out the path of a contact geodesic for∇.
A contact projective structure may be identified with the equivalence class, [∇], of affine connections on M having the property that each representative of the equivalence class admits the given full set of contact geodesics.
The following observations are used in the proof of Theorem A. Let ∇ be an affine connection such that ∇θ = 0 and ∇ω = 0. (2.5) applied to ∇θ and to ∇ω, respectively, implies
respectively. Tracing (2. 
Thus it may be assumed from the beginning that ∇θ = 0. 
Proof. Let ∇ be the connection associated to θ by Theorem A and define∇ by requiring that its difference tensor with ∇ be given by (2.8)-(2.10). Routine computations show that the∇ so defined satisfies the conditions of Theorem A with respect toθ, and so is the unique connection associated toθ by Theorem A. Lemma 2.3 is useful for computing the transformation of covariant derivatives under change of scale. For instance, for a section, σ i , of H * . Remark 2.1. One possibly interesting class of paths determined by a contact projective structure comprises those contact paths such that for any choice of parameterization, γ(t), and any choice of contact one-form, θ, if ∇ is the connection associated by Theorem A to θ, then ω(∇γγ,γ) = 0. Using (2.8) it is easy to check that this condition depends on neither the choice of θ nor the choice of parameterization. In three dimensions any such path is evidently a contact geodesic, but in higher dimensions this need not be the case, as it is easy to give examples in the flat model of such paths which are not lines.
2.4.
Flat Model Contact Projective Structure. The symplectic group, G = Sp(n, R), is the group of linear automorphisms of a real 2n-dimensional symplectic vector space, (V, Ω), to be referred to as the standard representation. Let P ⊂ G be the stabilizer of the one-dimensional subspace, V 2 ⊂ V, and letP ⊂ P be the stabilizer of a vector, v ∞ , spanning V 2 . The Ω-complement,
The subspace g −2 has dimension 1, and the subspace g −1 has dimension 2n − 2. The subalgebra g − = g −2 ⊕ g −1 is the usual Heisenberg Lie algebra, and g 0 is the conformal symplectic Lie algebra. With v 0 and v ∞ , an arbitrary basis, v i , of V −1 determines coordinates, u I , where
Raise and lower indices with Ω IJ according to the convention Ω IQ Ω QJ = −δ J I . Letting v I be a basis of V * dual to v I , each element of G may be represented as
P is a semidirect product of the subgroup, P + ⊂ G, with Lie algebra p + = g 1 ⊕ g 2 , and the subgroup, G 0 ⊂ G, with Lie algebra g 0 . These subgroups have the forms:
The normal subgroupP ⊂ P is distinguished by the requirement a = 1. G acts transitively but not effectively on P(V), and its projectivization is denotedḠ = P Sp(n, R). The image inḠ of a subgroup H ⊂ G is denoted byH. The R × = P/P principal bundle, G/P → G/P , recovers the defining bundle, V × = V {0} → P(V). The Maurer-Cartan form, ω G , on G is the model for the Cartan connection associated by Theorem C to a general contact projective structure.
An Ad(P )-invariant filtration of g is defined by f i = ⊕ j≥i g j . The Lie algebra ofP isp = [p, p] . Let e α be a basis of g − , with e 0 a basis for g −2 , and satisfying [e i , e j ] = −2ω ij e 0 and [e i , e 0 ] = 0. Because g is semisimple every derivation of g is inner and so there is a unique element e ∞ ∈ g such that [e ∞ , g i ] = ig i . Fix an invariant bilinear form, B, on g, let e 0 ∈ g 2 be B-dual to e 0 , and note thatᾱ =
is the cochain complex for the cohomology of g acting (trivially) on R. Thenω(e α , e β ) = ∂ᾱ(e α , e β ) = − 1 2 B(e 0 , [e α , e β ]) = ω αβ , andω restricts to give a symplectic structure on g −1 . Becauseᾱ annihilates f −1 , the symplectic form on f −1 /p defined byω(e i + p, e j + p) =ω(e i , e j ) makes sense. By invariance of B, the adjoint action of P on g/p preservesω up to a positive scalar factor, so this determines a P -invariant positive conformal symplectic structure on f −1 /p. The requirement [e i , e j ] = −2ω ij e 0 selects an Ad(P )-invariant orientation on g/f −1 . By invariance of B,ω(e I , e J ) isP -invariant, soω determines a symplectic form,Ω, on g/p. Note thatΩ(e ∞ , e 0 ) = 1, and the map h +p → h · v ∞ defines a symplectic P -module isomorphism, (g/p,Ω) ≃ (V, Ω), mapping e I +p → v I .
Let E i and E 0 be the left-invariant vector fields on G/P generated by e i and 2e 0 , respectively. In the natural coordinates on P(V) = G/P , these are given by
The canonical contact structure on T (G/P ) is the leftinvariant subbundle of T (G/P ) generated by g −1 and spanned by the vector fields
, of the annihilator of H is determined by the requirement that T = E 0 be its Reeb vector field. Define a connection, ∇, by requiring the left-invariant frame E α to be parallel. Such a connection has necessarily torsion τ = dΘ ⊗ T . It is easily checked directly that ∇Θ = 0 and ∇dΘ = 0, so ∇ is a connection satisfying the conditions of Theorem A. Any left-invariant vector field is a constant coefficient linear combination of E α , and is consequently also ∇-parallel. As for any affine connection the integral curves of a parallel vector field are geodesics, the integral curves of any left-invariant vector field are geodesics for ∇. Explicit computation shows that these integral curves are straight lines in R 2n−1 . The contact projective structure determined by ∇ is the model for all contact projective structures. A contact projective structure is flat if and only if it is locally equivalent to this model.
On a contact manifold with a chosen θ, a coordinate chart ψ : U → R 2n−1 such that ψ(p) = 0 and ψ * (Θ) = θ, is called a Darboux coordinate chart at p. The Darboux theorem shows that there exists always a Darboux coordinate chart at p.
Proposition 2.2. A co-oriented contact manifold admits a contact projective structure.
Proof. Fix a contact one-form, θ, and cover M by an atlas, {U a }, of θ-Darboux coordinate charts. In each U a let ∇ a be the representative described above of the flat contact projective structure associated to θ| Ua . Choose a partition of unity, φ a , subordinate to {U a } and define ∇ X Y = a φ a ∇ a X Y . It is straightforward to check that this defines a connection and ∇ (i θ j) = a φ a ∇ a (i θ j) = 0, so that the geodesics of ∇ generate a contact projective structure. 
so that Π may be identified with the section, Π ij k , of ⊗ 2 (H * ) ⊗ H. LetΠ be the difference tensor of the representatives,∇ ∈ [∇] and∇ ∈ [∇], associated toθ by Theorem A. Keeping in mind thatΠ αβ γ denote the components ofΠ with respect to aθ-adapted coframe and dual frame, as in (2.2), observe that, as in (2.13), Π αβ 0 =Π α0 β =Π 0α β = 0. As a consequence, the components ofΠ ij k are the same when calculated in a θ-adapted coframe and dual frame as when calculated in aθ-adapted coframe and dual frame. It is now claimed thatΠ ij k = Π ij k . LetΛ be the difference tensor of∇ and∇, let Λ be the difference tensor of∇ and ∇, and
k is independent of the choice of θ, and, consequently, it makes sense to speak of Π ij k as the difference tensor of the contact projective structures. The facts about the irreducible representations of the symplectic group used in the sequel may be found in some form in Section 6.3 of [26] or in [10] . Let A, B, and C, respectively, be the bundles of tensors on H obtained by raising the third index of elements of, respectively, S 3 (H * ); the subbundle of ⊗ 3 (H * ) comprising tracefree tensors satisfying B i(jk) = B ijk and B (ijk) = 0; and the subbundle of ⊗ 3 (H * ) comprising trace-free tensor satisfying C i[jk] = C ijk , and C [ijk] = 0. Though the operation of raising an index depends on the choice of contact one-form, the bundles so defined do not. By Weyl's results the fiber over a point of any of A, B, or C is an irreducible Sp(n − 1, R)-module. Proposition 2.2 shows that the space of contact projective structures on a co-oriented contact manifold is non-empty. Theorem 2.2 describes the affine structure on this space.
Theorem 2.2. The space of contact projective structures is an infinite-dimensional affine space modeled on Γ(A ⊕ B), in the sense that the difference tensor
Moreover,
The difference of the contact torsions of two contact projective structures is the image of B ij k under the isomorphism of tensor bundles, B → C, determined by
In particular, the difference tensor of two contact projective structures with the same contact torsion is the section, A ij k , of A. 
k there follow Π p pk = 0 and Π [ijk] = 0, so that Π ijk is completely trace-free. By complete reducibility and Weyl's description of the irreducible Sp(n − 1, R) modules, there is a direct sum decomposition, Π ijk = A ijk +B ijk , where A ∈ Γ(A) and B ∈ Γ(B), and such that A ijk = Π (ijk) and
k , determines an isomorphism between the fibers over a point of B and C, and this shows that B ij k vanishes if and only if the two contact projective structures have the same contact torsion.
To construct, in a neighborhood of p ∈ M , a contact projective structure, [∇], with contact torsion τ ij k ∈ Γ(C), proceed as follows. Fix θ and a Darboux coordinate chart, U , centered on p, and let ∇ be the connection defined in section 2.4. This is the representative associated by Theorem A to θ of the flat contact projective structure, [∇] . Add to [∇] a difference tensor, Π ij k , satisfying (2.13) and
there results a contact projective structure with contact torsion τ ij k .
Remark 2.2. The group, CO + (M, H), of positive contactomorphisms of the cooriented contact manifold acts by pullback, φ
, on the space of contact projective structures. For a contact projective structure represented by the equivalence class of connections [∇] , define a map Π : 
The Ricci tensor is defined by contracting on the middle index, R αβ = R ασβ σ . Recall the Bianchi identities for an affine connection with torsion:
Recall also the Ricci identity:
Let ∇ be the connection associated by Theorem A to the choice of contact one-form, θ. Applying the Ricci identity to the parallel tensors, θ and dθ, gives R αβγ 0 = 0 and R αβkl = R αβlk . Because ∇T = 0, R αβ0 σ = 0, so R α0 = R ασ0 σ = 0. Since R αβ0 σ = 0, setting γ = 0 in the first Bianchi identity, (2.14), and using τ 0α σ = 0 gives 2R 0[αβ] σ = ∇ 0 τ αβ σ , and contracting this on σ and β gives −R 0α = ∇ 0 τ ασ σ = 0. This shows R 0α = 0. Taking all possible traces of the Bianchi identities (2.14) proves the following lemma.
Lemma 2.4. On a contact projective manifold let ∇ be the connection associated by Theorem A to the choice of contact one-form, θ. Then
Remark 2.3. Lemma 2.4 shows that tracing R ijkl , τ ijk , and ∇ i τ jkl gives only the two tensors, R ij and R p p ij , and (2.15) shows that when τ ijk = 0 these tensors coincide up to a constant factor. When 2n − 1 > 3, (2.16), (2.21), and (2.18) show that R 0ijk , ∇ 0 τ ijk , and ∇ 0 R ijkl are determined completely by R ijkl , τ ijk , and their covariant derivatives in the contact directions.
The following tensors are basic in the study of contact projective structures.
W ijk l is the contact projective Weyl tensor. C ijk should be regarded as an analogue of the Cotton tensor in conformal geometry, and will be called the contact projective Cotton tensor. Direct computations verify the following identities.
When the contact torsion vanishes, (2.15) and (2.17) show that P ij = 1 2n R ij and Q ij = 0, and (2.26) gives (2.29)
The following identities are verified by direct computation using the definitions and perhaps also the Bianchi identities.
Straightforward computation shows that the curvature tensors,R and R, of connections,∇ and ∇, with difference tensor, Λ, are related by
where τ is the torsion tensor of ∇.
With the set-up as in Section 2.3, using (2.8) and (2.10) in (2.32) gives
Sometimes involved direct computations using this and (2.15)-(2.22) prove:
Lemma 2.5. Under change of scale there hold the following transformation rules: 
Proof. The first Bianchi identity implies
), R ij = 2nP ij , and calculating ∇ p W ijk p directly gives the first equality in 
Solving the first equality in (2.41) for 2∇ [ 
Substituting this into (2.42) gives (2.40). By (2.40), when 2n−1 ≥ 5 the vanishing of [23] . Some version of this material can be found in various modern sources, for instance [1] , [11] , [12] , or [14] .
3.1.1. Projective Structures. The bundle of frames, F, in the canonical bundle, ∧ n (T * M ), of the smooth n-dimensional manifold, M , is the R × principal bundle of smooth, non-vanishing sections of the canonical bundle. When n = 2l let the R × principal bundle, L, be the unique 1 n+1 -root of F. When n = 2l − 1, assume M is orientable with a fixed orientation, so that the group of F is reduced to R >0 , and let L be a choice of
are in canonical bijection with functions L → R homogeneous of degree λ. The model for L is the defining bundle V × → P(V), where (V, Ψ) is an n + 1 dimensional real vector space with volume form Ψ. This defining bundle is the bundle of frames in the tautological line bundle over P(V).
A canonical volume form, Ψ, is defined by Ψ = dα. A canonical Euler vector field, X, the infinitesimal generator of the fiber dilations, δ r , on L, is defined by i(X)Ψ = (n + 1)α. The choice of section, s, induces, on the principal R × -bundle ρ : L → M , a unique connection, φ, such that s is a parallel section and φ(X) = 1. The connection, φ, determines a horizontal lift,X, of each vector field, X, on M . A torsion-free affine connection,∇, on L, and a choice of section, s, determine on M a torsion-free affine connection, ∇, defined by ∇ X Y = ρ * (∇XŶ ). If the condition ∇X = δ is imposed, Lemma 3.1 may be used to show that the connection,∇, determined bys = f s has the same unparameterized geodesics as does ∇. This associates a projective structure on M to each torsion-free affine connection,∇, on L, satisfying∇X = δ. It may be checked that if∇Ψ = 0 then ∇ is the unique representative of [∇] given by Lemma 3.2 and making µ = s * (α) parallel. Two torsion-free connections,∇ and∇ ′ , on L, satisying∇X = δ =∇ ′ X and making parallel Ψ determine on M the same projective structure. The only freedom is in the vertical part of∇XŶ , and requiring that∇ be Ricci flat eliminates this freedom. 
1.∇X is the fundamental
2.∇Ψ = 0. The preceeding discussion shows already how to prove existence of∇. Given s, let ∇ ∈ [∇] be the unique representative of the given projective structure ∇ ∈ [∇] making µ = s * (α) parallel. For any symmetric tensor, P ij , conditions (1)- (3) of Theorem 3.1 are satisfied by the connection,∇, defined by requiring it to be torsionfree and to satisfy
The Ricci tensor of∇ vanishes.
For each section
Straightforward computation of the curvature of∇ shows that requiring∇ to be Ricci-flat determines P ij uniquely as P ij = 1 n−1 R ij , where R ij is the Ricci tensor of ∇. Because the curvature tensor of∇ turns out to be horizontal, its components may be regarded as tensors on M . The possibly non-vanishing components are the projective Weyl tensor, B ijk l = R ijk l + P jk δ i l − P ik δ j l , and the projective Cotton tensor, Let G be the group of linear transformations of V preserving Ψ; let P ⊂ G be the subgroup stabilizing the span of a fixed vector. Next there is sketched the construction of a unique (g, P ) Cartan connection associated to each projective structure equipped with a choice of L. The terminology and notation regarding Cartan connections are the same as those in [6] or [18] . The tractor bundle, T , is the quotient of T L by an R × action, P r = r −1 δ * r −1 , covering the principal action on L and preserving the homogeneity −1 vector fields, Vec −1 (L) on L. The homogeneity n + 1 volume form, Ψ, descends to a fiberwise volume form on T , and the ambient connection,∇, induces a covariant differentiation, ∇, on T , the tractor connection, defined as follows. If t is a section of T represented by Z ∈ Vec −1 (L), then ∇ X t is the image in T of∇X Z ∈ Vec −1 (L). Because∇ X Z = 0, this is independent of the choice of s. A P principal bundle, π : G → M , is defined by letting the fiber over x ∈ M comprise all volume preserving linear isomorphisms u : V → T x mapping the span of e ∞ into the image of the span of X, and T is recovered as the associated bundle, G × P V. Theorem 2.7 of [3] shows that the tractor connection determines on G a Cartan connection, η. Conversely, any torsion-free, (g, P ) Cartan connection, η, on G → M , determines a tractor connection as the induced covariant differentiation on the associated bundle T = G × P V. Any η determines a development of paths in M onto G/P = P(V), (see [17] ), and η induces on M the projective structure comprising those paths which develop onto straight lines in P(V). Evidently gauge equivalent Cartan connections induce the same projective structure. The quotient G/P recovers L and the associated bundle G ×P V → L recovers T L; η induces a covariant differentiation, ∇ η , on this associated bundle. Every torsion-free (g, P ) Cartan connection is gauge equivalent to a unique η for which the induced ∇ η on T L satisifes ∇ η X = δ. Each section s : M → L determines from η an affine connection on M defined as in condition 4 of Theorem 3.1. If ∇ η X = δ, then the affine connections on M determined by different choices of s will be projectively related, so determine a projective structure on M , the paths of which develop onto lines in P(V). Among the isomorphism classes of Cartan connections inducing a given projective structure that one built from the ambient connection is the unique isomorphism class of torsion-free, normal Cartan connections. An orientation-preserving diffeomorphism of M lifts to a bundle automorphism of L which commutes with P r and so descends to T , and this shows that the orientation-preserving diffeomorphisms of M act naturally on G and all of its associated bundles. This constructs a bijective functor between the category of projective structures and category of torsion-free, normal (g, P ) Cartan connections. In the odd-dimensional case, to obtain structure independent of the choice of L, it is necessary to consider the projectivized tractor bundle, P(T ), and the associated bundle of filtered projective frames,Ḡ, the fiber over x ∈ M ofḠ comprising all projective linear isomorphisms u : P(V) → P(T x ) mapping the span of e ∞ to P(T 1 x ). These bundles do not depend on the choice of L. Some fussing shows that the Cartan connection, η, descends to give a Cartan connection onḠ which does not depend on the choice of L. 
Because any other vector spanning L will have the form δ r (v) for some non-zero r, H L does not depend on the choice of v. As ker ρ * (v) is exactly L, which is contained in L ⊥ , the subbundle H has constant rank 2n − 2. As G preserves skew complements, the subbundle H is invariant under the action G on P(V). Define a one-form α on
it is easy to verify that θ ∧ (dθ) n−1 = 0, so that θ is a contact one-form, and H is a contact distribution. When the section, s, is replaced bys = f s, f = 0, then θ rescales to f 2 θ. This shows that the principal R × -bundle, ρ : V × → P(V), is naturally identified with a square-root of the bundle of positive contact one-forms on P(V); the flat Euclidean connection,∇, on V × satisfies∇α = 
, and a fiber coordinate, t = 0, defined by p = ts(ρ(p)) for any p ∈ L. Set Ω = dα. By definition,
Computing using (3.2) and dθ n = 0 shows that
As dt is non-vanishing when restricted to the vertical subbundle of T L and θ ∧ (dθ) n−1 is a volume form on M , this shows that Ω n = 0, so that Ω is a symplectic structure on L. The Euler vector field, X, is the infinitesimal generator of the fiber dilations in L. (3.2) shows that in coordinates X = t ∂ ∂t . A tensor, S, on L is homogeneous of degree k if L X S = kS. By non-degeneracy of Ω and definition of α, L X α = i(X)dα = 2α, so α (and hence also Ω) is homogeneous of degree 2. The choice of section, s, induces, on the R × principal bundle ρ : L → M , a unique connection, φ, such that s is a parallel section and φ(X) = 1. Because the structure group is abelian, φ is simply a one-form on the base manifold, M , given in coordinates by d log t. The sections determines the connectionφ, related to φ bỹ φ = φ − ρ * (γ). The connection, φ, determines a horizontal lift,X, of a vector field, X, on M ; thisX is the unique φ-horizontal vector field on L such that ρ * (X) = X. By definitionX is homogeneous of degree 0. The horizontal lift determined by the connection associated tos is given byX +γ(X)X. A co-oriented contactomorphism of M is covered by a unique bundle automorphism of L, which is easily checked to be a symplectomorphism.
In this section the following indexing conventions will be employed. For θ = s * (θ), let {θ α } be a θ-adapted coframe with dual frame {E α }. Define a frame, {F I }, on the total space of L by setting F ∞ = X and F α =Ê α , and let φ I denote the dual coframe. Thus φ ∞ = φ, φ α = ρ * (θ α ), and α = t 2 φ 0 . On L, raise and lower indices using Ω, according to the convention Ω
IK Ω KJ = −δ I J . Note that F I and φ I are homogeneous of degree 0. In general, an affine connection,∇, on L, has torsion, so there will be two distinct traces of its curvature tensor,R IJK L , namelŷ
Contracting the first Bianchi identity shows that when the torsion of∇ vanishes these two traces coincide up to a factor of −2.
Proof of Theorem B. Fix a section s : M → L, let θ = s * (α), and let ∇ be the connection associated to θ by Theorem A. Define∇ by specifying its action on the frame, {F I }. For conditions 1 and 2 to hold,∇ must be defined to satisfŷ ∇Ê α X =Ê α =∇ XÊα , and∇ X X = X. Then there can be written
where P is an arbitrary 0 2 -tensor on M and O is an arbitrary 1 2 -tensor on M . The proof will show that P and O are defined as follows. P ij and Q ij are defined as in (2.23) and (2.24), and the remaining components are
where P α γ is defined by P α γ = P α q δ q γ , and similarly for Q α γ . So that uniqueness may be shown in passing, suppose now that P and O are arbitrary. It will be shown that conditions 3-6 determine P and O uniquely as defined above. Computing∇Ω using (3. . The proof will be completed if P αβ and Q ij can be determined uniquely by the remaining conditions. Direct computation using conditions 1, 2, and 3 of Theorem B, O ij k = 0, and the definition of the curvature tensor giveŝ
Here (3.9)-(3.14) define the tensors W ijk l , C ijk , A ij , B i , U ijk , and V ij . Once it has been shown that P αβ and Q ij must be as in (2.23) 
, so that imposinĝ R 0∞ = 0 forces Q p p = 0, and hence also P p p = 0. Tracing (3.15) and using condition 2 impliesR ∞∞ = 0, and using alsoR IJ(KL) =R IJKL givesŜ ∞I =Ŝ I∞ = 0. Using (2.17) orR IJ(KL) =R IJKL shows thatŜ [ij] = 0, so that requiringR ij = 0 andŜ ij = 0 gives the three linear equationsR [ij] = 0,R (ij) = 0, andŜ ij = 0, in the three unknowns P [ij] , P (ij) , and Q (ij) , and so uniquely determine these unknowns, provided the equations can be solved. Straightforward computations using (2.15) and (3.9) show that the unique solutions of this system of equations are P ij and Q ij as defined in (2.23) and (2.24). ImposingR i0 = 0 and computing using (3.10) determines P 0i uniquely as in (3.5). ImposingR i0 = 0 and computing using (3.11) and (3.5) determines P i0 uniquely as in (3.6). Finally, imposingR 00 = 0 and computing using (3.13) determines P 00 uniquely as in (3.7).
There remains to verify the claims regarding the situation of vanishing contact torsion. Direct computation using
When the contact torsion vanishes, P ij = 1 2n R ij is symmetric, and Q ij = 0, and so, by (3.16) , if the contact torsion vanishes, the ambient connection,∇, is torsion free. The other components ofŜ arê
When the contact torsion vanishes, (3.6) and (3.5) imply P [i0] = 0 and using these and (3.7) in (3.17) and (3.18) shows thatŜ i0 = 0 andŜ 00 = 0. Alternatively, applying conditions 1 and 2 shows that∇ and the vanishing ofŜ i0 andŜ 00 then follows from the vanishing ofτ and the Ricci curvature of∇.
The following remarks are made for use in Section 4.4. (3.11), (3.17) and (3.18) give immediately
Using (2.20), (2.25), and (2.28) gives 2(
Using this, (3.5), and (3.6),Ŝ i0 may be computed from (3.17).
The quantity τ pqr (W pqri + 2ω ri P [pq] ) is independent of the choice of scale. This can be verified by direct computation using (2.36) and (2.38). Alternatively, it follows by computingŜ with respect to frames on L determined by different choices of scale and using the vanishing ofŜ ij ,Ŝ ∞I , andŜ I∞ . Similarly,Ŝ 00 = 8∇ p P [0p] − 4P pq Q pq follows from (3.18). IfŜ i0 vanishes thenŜ 00 is independent of the choice of scale. Also note for later the following. Let∇ be defined by 6. Using (3.2), condition 3, and (3.8) gives
Remark 3.1. The formulas for the transformations of P and O under a change of scale are derivable consequences of Theorem B, rather than necessary constituents of its proof. It is possible also to prove Theorem B by defining∇ as above, simply defining P and O by (2.23), (2.24), and (3.6)-(3.7). Verifying that the∇ so defined does not depend on the choice of scale requires computing explicitly how P and O transform under a change of scale. This is computationally intensive, requiring, for instance, the verification of the following transformation rules.
Remark 3.2. An isotropic submanifold, N , of the contact projective manifold, (M, H), is totally geodesic if every contact geodesic of M tangent to N at one point lies on N . The contact geodesics of M lying on such an N determine on N a path geometry. N is, in the usual sense, a totally geodesic submanifold of (M, ∇), for any ∇ representing the contact projective structure on M ; consequently it makes sense to restrict to N such ∇, and, moreover, the contact geodesics of M lying on N are the unparameterized geodesics of this restricted connection. If any other connection representing the contact projective structure is restricted to N , the geodesics of the restriction will be also the contact geodesics of M lying on N , and so M induces on N a well-defined projective structure. Formally, this is evident from (2.8). Because the restriction of ω to a path vanishes, (2.8) implies also that every contact geodesic of a contact projective manifold acquires a flat projective structure. Associating to the totally geodesic isotropic submanifold, N ⊂ (M, H), the submanifold ρ −1 (N ) gives a bijection between totally geodesic isotropic submanifolds of the contact projective manifold (M, H), and totally geodesic isotropic submanifolds of (L,∇) containing the vertical.
3.3.
Canonical Subordinate Projective Structures. The contact lines of the flat model contact projective structure are a subset of the family of all lines in projective space, the latter family constituting the flat model projective structure. Theorem 3.2 shows that something similar happens for any contact projective structure, namely there are canonically determined paths transverse to the contact structure and filling out, with the given 4n − 5 parameter family of contact geodesics, a full projective structure. The contravariant part of the projective Weyl tensor of the projective structure obtained in this way is a constant multiple of the contact torsion.
Definition 3.1. A projective structure on (M, H) having among its geodesics a full set of contact geodesics is said to be subordinate to the contact projective structure determined by those contact geodesics.
There may be many projective structures subordinate to a contact projective structure.
Theorem 3.2. To each contact projective structure there is associated a canonical subordinate projective structure the projective Weyl tensor of which satisfies
For each choice of s, the ambient connection determines on M a connection defined by∇ X Y = ρ * (∇XŶ ). The difference tensor of the connection determined in this way bys = f s and∇ is Λ αβ σ = γ (α δ β) σ , where γ = d log f , and so these connections determine on M a projective structure. It will next be shown that the geodesics of this projective structure are the projections to M of the unparameterized geodesics of∇ transverse to the vertical. For any X ∈ Γ(T M ) tangent to the image, ρ(L), of the unparameterized geodesic, L, of∇, there is f so that Z =X + f X is tangent to L. That L is a geodesic means that Z ∧∇ Z Z vanishes along L, and computing ρ * (Z ∧∇ Z Z) shows that X ∧∇ X X vanishes along ρ(L), so that ρ(L) is an unparameterized geodesic of∇. By (3.21),∇θ = 1 2 ω, sō ∇ admits a full set of contact geodesics, and it is evident that these are the images in M of geodesics of∇ tangent to ker α. If ∇ is the connection associated to θ by Theorem A, then the difference tensor of∇ and ∇ is O αβ γ . Lemma 2.2 and the explicit formula, (3.8), for O αβ γ show that∇ has the same contact geodesics as does ∇. This implies that the projective structure determined on M by∇ is subordinate to the given contact projective structure.
The condition B ijk 0 = − 1 4 τ ijk is an invariant condition, as both sides rescale in the same way under a change of scale. In order to compute B ijk 0 it is necessary to work with a symmetric representative of the projective structure. Let ∇ ′ be the symmetric part of∇ and let R ′ αβγ δ be its curvature tensor. The difference tensor
Because ∇ ′ is torsion free the Ricci identity and (3.25) give
, and so
When the contact torsion vanishes the canonical subordinate projective structure is linked to the given contact projective structure in a stronger way; the Thomas ambient connection and the contact projective ambient connection are the same. By (2.1), a square-root, L, of the bundle of positive contact one-forms is canonically regarded as a 1 2n th-root of F. Under this identification the top exterior power, Ω n , of the ambient symplectic structure on L is naturally identified with the canonical ambient volume form. If the contact torsion vanishes, then the ambient connection ∇ is torsion free and parallelizes the volume form, Ω n . By Theorem B,∇ satisfies all the conditions of Theorem 3.1. The volume form determined on M by the choice of section, s, is identified with θ ∧ dθ n−1 , where θ is the contact one-form determined by s. The proof of Theorem 3.1 shows that∇ determines on M a projective structure for which the connection∇ is the unique torsion-free affine connection representing the projective structure and parallelizing θ ∧ dθ n−1 . On a contact manifold (M, H), a projective structure is called contact adapted, if among the unparameterized geodesics of the projective structure there is a full set of contact geodesics, and if the projective Weyl tensor satisfies B αβγ 0 = 0. 
. The identification of the projective and contact projective ambient connections shows that the same tensor P αβ is determined by either∇ or ∇, and from this there follows B αβγ 0 = 0. Moreover, given a contact adapted projective structure it is easy to see that it must be the canonical projective structure subordinate to the contact projective structure that it determines.
In [13] it was observed that the ambient connection associated by Theorem 3.1 to a contact adapted projective structure makes parallel the canonical symplectic structure determined on the ambient space by the contact structure on the base. As was remarked in the introduction, even in the case of vanishing contact torsion the results here are stronger than those of [13] because the existence of a full projective structure is derived rather than assumed as a hypothesis. Remark 3.3. Theorem 3.2 could be proved directly without using the ambient connection. Let ∇ be the connection associated to θ by Theorem A. Define ∇ ′ by letting its difference tensor with ∇ be O (αβ) γ − 1 2 τ αβ γ , (so ∇ ′ is the symmetric part of∇), and observe that the torsion free connection, ∇ ′ , admits the given full set of contact geodesics. Direct computation using (2.8)-(2.10), (2.36), (2.37), and (3.23) shows that the connections associated by this construction to different choices of scale have the same unparameterized geodesics, so determine a projective structure subordinate to the given contact projective structure. It is straightforward to check directly that when the contact torsion vanishes,∇ = ∇ ′ is the unique representative of this projective structure making parallel the volume θ ∧ dθ n−1 . 
A contact projective structure of dimension at least 5 is flat if and only if the contact torsion and the contact projective Weyl tensor vanish, and a three-dimensional contact projective structure is flat if and only if the contact projective Cotton tensor vanishes.
Theorem 3.3 follows also by applying, to the Cartan connection of Theorem C, Proposition 4.1 and Theorem 2.9 of [22] on the vanishing of harmonic curvature components.
Proof. Because τ ij k = 0, the first Bianchi identity for∇ givesR ij0P = −2R 0[ij]P , which implies U ijk = −C [ij]k and the truth of (3.26) coupled with (3.12) implies that A [ij] = −V ij . Alternatively, A [ij] = −V ij follows from (3.13) and (3.12) using (3.5), (3.6), and (3.7), and (2n − 1)C [ij]k = ∇ p W ijk p follows from (2.41). There remains to prove (3.26) and (3.28). By (2.25) and the Ricci identity,
Expanding the definition, (3.13), of A ij , using (3.5)-(3.7), and computing 2(n − 1)A ij + ∇ p C ij p using (2.26) gives twice the right hand side of (3.30), proving (3.26). To prove (3.28) proceed as follows. Tracing the Ricci identity applied to ∇ [p ∇ q] P ij in p and q and using (2.15) gives ∇ p ∇ p P ij = (1 − n)∇ 0 P ij , which with (2.26), (2.21), and (2.22), gives
Applying the Ricci identity gives
Tracing (3.32) on q and k and subsituting into the traced covariant derivative of (3.31) gives (3.33)
The Ricci identity gives
Using this in (3.33); using (2.26) to rewrite R 0ijk in terms of C ijk ; and substituting into the result the trace of (3.32) in q and i gives
Expanding (3.14) using (3.5)-(3.7) and substituting into (3.34) shows
The proof of (2.41) shows that the right hand side of (3.35) is expressible in terms of
and this gives (3.28). If the ambient connection is flat the proof of Theorem 3.2 shows that it is the
Thomas ambient connection of a flat subordinate projective structure, and that the Thomas ambient connection parallelizes a symplectic form. From this there follows that (L, Ω,∇) is locally equivalent to (V,Ω) with the flat Euclidean connection, and by functoriality of the ambient construction this shows that the given contact projective structure is flat, so that the vanishing of the curvature of the ambient connection implies the contact projective structure is flat. The preceeding shows that the vanishing of τ ij k and W ijk l (or of C ijk in three dimensions) implies the ambient connection is flat.
The existence of non-flat contact projective structures with vanishing contact torsion may be demonstrated using the set-up of Section 2.5. By Theorem 2.2 and the accompanying discussion, the difference tensor, Λ, of the flat contact projective structure, [∇], described in Section 2.4, and the most general contact torsion-free contact projective structure, [∇] , is an arbitrary section of A. The curvature of the representative ∇ ∈ [∇] associated to θ by Theorem A may be computed explicitly in terms of Λ. Using the basic facts about irreducible representations of the symplectic group found in [26] or [10] , the following facts may be proved. Given a fixed point, p, on a contact manifold of dimension at least 5, and an arbitrary trace-free tensor
, there exists a contact projective structure with vanishing contact torsion such that the value of W ijkl at the point p equals a ijkl . Given a fixed point, p, on a three-dimensional contact manifold, and an arbitrary tensor such that a (ijk) = a ijk , there exists a contact projective structure such that the value of C ijk at the point p equals a ijk . Finally there may be constructed a contact projective structure for which the component,Ŝ i0 , of the traced curvature of the ambient connection does not vanish at a point. The proof uses Weyl's First Main Theorem for the invariants of the symplectic group, (Theorem 6.1.A, p. 167, [26] ), the complete reducibility of representations of the symplectic group, and the Littlewood-Richardson rules for the symplectic group.
Canonical Cartan Connection
The canonical Cartan connection of Theorem C is constructed from the ambient connection by using the tractor formalism developed byČap-Gover in [3] and following the pattern of the conformal case treated in [2] . This approach was suggested to the author by Rod Gover. Section 4.4 describes the algebraic normalizations on the curvature of the Cartan connection of Theorem C.
Definition of Tractor Connection and Canonical Cartan Connection.
Choose a square-root, L, on the co-oriented contact manifold, (M,
) are in canonical bijection with functionsh : L → R of homogeneity k, in the sense thath(δ r (p)) = r kh (p). It will be convenient to write E j1...jq
). The Jacobi identity shows that the Lie algebra, Vec(L), of vector fields on L is graded as a Lie algebra by the homogeneity degree, Vec(L) = ⊕ k∈Z Vec k (L). More generally, if S is a tensor of homogeneity l and
Let (V,Ω) be the standard representation of G, as in Section 2.4, and choose coordinates so thatΩ satisfies (2.12). Call a frame,
Because Ω is homogeneous of degree 2, and X ∈ Vec 0 (L), it must be that F 0 ∈ Vec −2 (L) and all the F i ∈ Vec −1 (L). By definition, 2α(F 0 ) = 1. An adapted symplectic frame is easily constructed as follows. For θ = s * (α), choose on M a θ-adapted coframe and dual frame such that ω = 1 2Ω ij θ i ∧ θ j , and set F ∞ = X, F i = t
−1Ê
i , and
. T L is canonically filtered by the vertical subbundle, T 2 L, and its Ω-skew complement, T 1 L = ker α. The tractor bundle, T , is the rank 2n quotient of T L by an R × action, P r , on T L covering δ r and leaving invariant Vec −1 (L), and defined by P r (Z) = r −1 δ r −1 * (Z). By construction, the space of sections, Γ(T ), is identified with Vec −1 (L). Because Ω has homogeneity 2, it descends to T as a fiberwise symplectic form, also denoted Ω.
There is a canonical isomorphism of graded vector bundles
Proof. Sections of T 2 are in bijection with vector fields on L having the formhX, where
If Z ∈ Vec −1 , then the homogeneity 1 function, Ω(X, Z), corresponds to a section of E [1] , and it vanishes if and only if Z corresponds to a section of T 1 . This shows T /T 1 ≃ E [1] . For X ∈ Γ(T M ) and h ∈ Γ(E[−1]),hX ∈ Vec −1 (L) so corresponds to a section of T . The image in T /T 2 of the section of T so determined does not depend on the choice of horizontal lift, X, as any two horizontal lifts of X differ by a vector field of the form gX, where g has homogeneity 0, and as ghX corresponds to a section of T 2 . The section of T /T 2 determined by X and h lies in T 1 /T 2 if and only if X is a section of H, and this shows
The bundle of filtered symplectic frames in T is the principal P -bundle, π : G → M , the fiber over x of which comprises all filtration preserving symplectic linear isomorphisms u : (V,Ω) → (T x , Ω x ). The fibers of the vertical subbundle V G ⊂ T G are linearly isomorphic to p, so V G carries a filtration induced by that of p; namely for i = 0, 1, 2, V i u G ≃ f i . The tangent bundle T G carries a canonical filtration modeled on the filtration, f i , of g and uniquely determined by the requirements that the projection onto T M induced by π * is a filtered surjection and that inclusion of V G is a filtered injection. By construction the quotient T G/T −1 G has the orientation induced via π * from the chosen orientation on T M/H. The projective tractor bundle, P(T ) → M , does not depend on the choice of L, so is intrinsically associated to the co-oriented contact structure on M . The fiber P(T x ) is a copy of P(V) osculating M at x, and the point of contact is the distinguished point, P(T 2 x ). A principalP bundle,Ḡ → M , the bundle of filtered projective symplectic frames, is defined by letting the fiber over x ∈ M comprise all projective symplectic linear isomorphisms u : P(V) → P(T x ) mapping P(V i ) to P(T i x ) for i = 1, 2. Explicit computation shows that the differential of the lift to L of an element of CO + (M ) commutes with P r , and so descends to a vector bundle automorphism of T . The induced fiber bundle automorphism on P(T ) does not depend on the choice of square-root L, so that CO + (M ) acts naturally on T and P(T ) and consequently also on G andḠ and their associated bundles.
Any representation ν : P → GL(E) determines an associated bundle, E = G× ν(P ) E, and sections, t, of E are in canonical bijection with P -equivariant functions, t : G → E. The projection defined by mapping (u, v) ∈ G × V to u(v) ∈ T π(u) , where u ∈ G is viewed as an isomorphism u : V → T π(u) , descends to give an isomorphism of filtered vector bundles between the associated bundle, G × P V, and T . The equivariant function corresponding to the section, t, of T , is defined bỹ t : u → u −1 (t(π(u))). The symplectic form on T is recovered by Ω π(u) (s, t) = Ω(s(u),t(u)). BecauseP acts trivially on V 2 , the bundle of frames in T 2 may be identified with the P/P = R × principal bundle G/P → M . By Lemma 4.1, the subbundle T 2 is canonically identified with E[−1], and the bundle of frames of E[−1] is by definition L. This recovers L from G as the quotient G/P . G is a principal P -bundle over L, and it could have been realized directly as a reduction of the frame bundle of T L, the fiber over p ∈ L of which comprises all linear symplectic isomorphisms u : V → T p L such that u(v ∞ ) = X p . A useful by-product of this observation is the identification of T L and the associated bundle G ×P V as filtered vector bundles. BecauseP acts trivially on V 2 , the constant function v ∞ on G is P -equivariant, and it is theP -equivariant function corresponding to X ∈ Γ(T L).
Given X ∈ Γ(T M ) and t ∈ Γ(T ) represented by Z ∈ Vec −1 (L), define ∇ X t to be the section of T represented by∇X Z ∈ Vec −1 (L). The connection ∇ defined on T is independent of the choice of s as any two horizontal lifts of X differ by a vector field of the form f X, where f has homogeneity 0, and∇ X Z = 0 for any Z ∈ Vec −1 (L). It is easily checked that the connection, ∇, on T parallelizes Ω. The connection, ∇, is non-degenerate in the sense that for any section, t, of T 2 there exists a vector field, X, on M such that ∇ X t / ∈ T 2 . In the terminology of [3] , T is a standard tractor bundle, G is an adapted frame bundle, and the connection, ∇, on T is a tractor connection. Theorem 2.7 of [3] shows that a tractor connection, ∇, determines on π : G → M a Cartan connection, η. The construction of η is recalled here, though [3] should be consulted for the verifications. For each u ∈ G, X ∈ Γ(T G), and t ∈ Γ(T ), the linearity of the map V → V defined byt(u) → ( ∇ π * (X) t)(u) − L Xt (u) follows from the Leibniz rules for L X and ∇ π * (X) . It is easily checked that this linear map preservesΩ, so lies in g. Because g is simple, it acts effectively on V, so η(X) is defined uniquely by
Note that the right hand side of (4.2) is a P -equivariant function if and only if X is invariant under the action of P . That η is a Cartan connection is the content of Theorem 2.7 of [3] . The non-degeneracy of the tractor connection is the key point in showing that η induces a linear isomorphism T u G ≃ g. The other properties of a Cartan connection follow from careful unraveling of the definition of η.
Let E be any P -module for which the induced action of p extends to an action of g. The Cartan connection, η, induces on the associated bundle, E = G × P E, a covariant differentiation defined by
whereX is any horizontal lift of X to a vector field on G. Becauset is P -equivariant, L Vt + η(V ) ·t = 0 for any vertical vector field, V , on G, and this shows thatX may be chosen to be invariant under the action of P , in which case the right hand side of (4.3) is P -equivariant, and this shows that (4.3) is well-defined. When E = V, the induced covariant differentiation, ∇ η , is the tractor connection ∇. It may be checked that η is a (g,P ) Cartan connection on theP principal bundle G → L. In this case, the induced covariant differentiation on the associated bundle T L ≃ G ×P V is the ambient connection,∇.
The curvature of ∇ η is defined by
Recall that the curvature of η is defined by K = dη + η ∧ η. It is straightforward to check (as in Proposition 2.9 of [3] ) that the curvature of ∇ η acts via the curvature of η,
Define the curvature function,
Explicit Description of Tractor Connection.
In this section, η is the Cartan connection constructed from the ambient connection. The tractor connection is described explicitly for use in the algebraic characterization of the curvature normalizations imposed on η. Via the horizontal lift, the choice of s determines a
is naturally identified with Γ(T ), this splitting induces an isomorphism (depending on s),
0T , where thez P are the corresponding homogeneity −1 functions on L. Though it would be natural to work with the isomorphism
induced by s and (4.1), to do so would require systematic utilization of weighted tensors, e.g. the canonical symplectic pairing on [2] . Because of the way the ambient connection was described it is more convenient to work with the isomorphism T ≃ E A induced directly by the splitting. Γ(T * ) is identified with the space of one-forms on L homogeneous of degree 1. The splitting of T L given by s induces a dual isomorphism
Raise and lower indices using the symplectic form, Ω, on T , and let E A be the vector bundle dual to E A . If z A = z ∞ z j z 0 is a section of E A , the corresponding homogeneity 1 one-form, β, on L may be written as
The connection, ∇, associated to θ = s * (α) by Theorem A induces on E[k] and E i [k] connections which will also be denoted by ∇. By definition of the horizontal lift, ∇ α h = dh(Ê α ). Direct computation of∇Ê i Z and∇T Z using (4.6) yields
The curvature of ∇ is two-form on M taking values in the endomorphism bundle of T . It is computed by
Direct computation using (4.8), (4.9), (3.20) , and (2.30) gives 10) where the tensors U , V , A, and B are defined in (3.11)-(3.14), and it should be recalled that Q ij = −2W ipj p . If the contact torsion vanishes, these simplify to
, the exterior derivative dh is a one-form on L, homogeneous of degree k, so may be regarded as a section of T * . Using (4.7), the components of dh, viewed as a section of E A , may be written as
and applying the tractor connection to (4.11) gives
Alternatively, the invariance L ij h follows from the transformation rules for the covariant derivatives of a −λ/2n-density, h ∈ Γ(E[λ]),
Because the connection induced by ∇ on the canonical bundle is flat, the Ricci identity implies 2∇ [ 
h is first order and vanishes when the contact torsion vanishes, so it makes sense to focus attention on the contact Hessian, A change of gauge ψ : G → G has the form ψ(u) = u ·p(u) wherep : G → P is the P -equivariant function corresponding to a section, p, of the bundle G × Ad(P ) P . The pullback Cartan connection has the form ψ * (η) = Ad(p −1 )(η) +p * (ω P ), where ω P is the Maurer-Cartan form of P . The only case in which ψ * (η) = η is wheñ p is a constant function and Ad(p) acts trivially on g. A choice of L determines a unique lift of a bundle automorphism ofḠ to a bundle automorphism of G.
Call an η, onπ :Ḡ → M , compatible with the co-oriented contact structure on M if η is regular; if the isomorphisms, η : T uḠ → g, are filtration-preserving; and if the induced isomorphisms, T uḠ /T −1 uḠ ≃ g/f −1 , are orientation-preserving. It is evident that compatibility is a gauge invariant condition. Compatibility implies π * (η −1 (f −1 )) = H and that the image ofπ * (η −1 (e 0 )) is consistent with the given orientation on T M/H, and so, with regularity, that η induces the given co-oriented contact distribution and its conformal symplectic structure. A (g, P ) Cartan connection η on π : G → M will be called compatible if it is induced by a compatible (g,P ) Cartan connection onπ :Ḡ → M . Henceforth assume all η are compatible.
Viewing η as a Cartan connection on theP principal bundle,π : G → L, denote by ∇ η the affine connection induced on T L = G ×P V by (4.3). Call contact non-slip a compatible Cartan connection for which ∇
Using the definition of ∇ η it may be checked that η is contact nonslip if and only if (∇ Proof. For a compatible η let σ : U ⊂ L → G be a local section and set φ = σ * (η). Under a change of gauge, ψ : G → G, as above, φ is replaced by Ad(b −1 )(φ)+b * (ω P ), where b =p • σ : U → P . Write φ(X) = X Q φ Q with respect to an adapted symplectic frame, {F I }, on L, and represent φ Q ∈ g by a matrix,
Because e ∞ ∈ p, η(X e∞ ) = e ∞ , and becauseπ 
produces a contact non-slip connection. As the image in P/P of b is non-trivial, the contribution of b * (ω P ) under this change of gauge is non-trivial, effecting the components A I ∞ . Because the adjoint action of P on P/P is trivial, b * (ω P )(X) ∈p, and the identity A ∞ ∞ = 1 persists. Thus every compatible Cartan connection is gauge equivalent to a contact non-slip Cartan connection. Now suppose given a contact non-slip Cartan connection and set γ p = A 0 p and
Similar easy computations show that gauge equivalent contact non-slip Cartan connections must be related by a change of gauge of the form [17] is misapplied to incorrectly conclude that the projection into G/P of c does not depend on the choice of lift; the issue is the choice of a basepoint). Two parameterized curves with the same path develop onto curves with the same path, so it makes sense to say that the development of a path on M is a member of a P -invariant family of paths in P(V), e.g. it makes sense to say that a path develops onto a line. Since the family of contact lines (resp. all lines) in G/P is invariant under the action of P on G/P , the statement that a path in M develops onto a contact line (resp. line) in G/P is independent also of the choice of Cartan connection representing the isomorphism class of η. If η is the Cartan connection built from the ambient connection, direct computation as in the proof of Proposition 8.3.5 of [17] and using the explicit description of η implicit in (4.8) shows that the paths of η which develop onto isotropic lines are exactly the contact geodesics and the paths which develop onto lines are exactly the geodesics of the subordinate projective connection of Theorem 3.2. Consequently, for an arbitrary compatible η, it makes sense to define the induced contact projective structure to comprise those contact paths in M which develop onto contact lines in G/P . There are in general many Cartan connections on G inducing a given contact projective structure.
A compatible η induces on the
where π G and π G are the projections onto the factors of G × G, and ω G is the Maurer-Cartan form of G. G ×P G is naturally identified with the symplectic frame bundle of T L and the induced ∇ η is just the affine connection on L induced by µ. Moreover, if c : I → G is associated as above to the liftγ of γ :
] is a horizontal curve,γ : I → G ×P G, covering γ. Using this it may be checked that the paths in L which develop via η onto lines in V are exactly the unparameterized geodesics of ∇ η . Evidently these are the horizontal lifts of the paths in M which develop onto lines in P(V).
Using (4.3), it is straightforward to show that, for compatible η, ∇ η Ω = 0 and ∇ η X X = X. Let τ η and R η be the torsion and curvature of ∇ η . Using that η is contact non-slip and ∇ η X X = X, and computing directly the curvature shows that,
. Next the induced contact projective structure is described more analytically. For a section, s : M → L, let θ = s * (α) and define an affine connection, ∇, on M by ∇ X Y = ρ * (∇ ηXŶ ). For a contact non-slip η, the restrictions to
2 Ω agree, and this implies that Sym∇θ vanishes when restricted to H × H. By Lemma 2.1, the geodesics of ∇ determine a contact projective structure. Because η is contact non-slip,
In particular, ρ * (∇ η XŶ ) = Y . Ifs = f s and direct computation using (4.15) shows that the connection,∇, induced on M bys determines the same contact projective structure as does ∇. Moreover it is straightforward to check, as in the proof of Theorem 3.2, that the contact geodesics of the induced contact projective structure are the images in M of the paths of the geodesics of ∇ η transverse to the vertical and tangent to ker α. By the remarks above the geodesics of ∇ η tangent to ker α develop onto contact lines in V, and hence their images in M develop onto contact lines in P(V), so the induced contact projective structure is the same as the contact projective structure defined using development. To show via the tractor connection that gauge equivalent contact non-slip Cartan connections, η and µ, induce the same contact projective structure, choose s : M → L and compute the difference tensor, Λ, of the connections ρ * (∇ μ XŶ
) and ρ * (∇ ηXŶ ). Computing directly using There is a co-boundary operator, ∂ :
Any invariant, symmetric bilinear form, B, on g is a constant multiple of the Killing form, and so B gives an identification (p + ) * ≃ g − . Let e α be a basis for g − and let e α be the B-dual basis for p + . The formal adjoint with respect to B of the co-boundary ∂ is a boundary ∂ * :
by B, the adjoint action makes g − a P -module; it can be checked that ∂ * is P -equivariant. Recall that a Cartan connection is normal if ∂ * κ = 0. Because the tractor connection, ∇ = ∇ η , is the induced connection on the associated bundle, G × P V, its curvature, R, may be computed from the curvature of η, as in (4.4). By (4.10), κ −2 = 0; in particular, η is regular. The isomorphism η : T u G → g induces an adjoint map η t : g * → T * u G. Because ker B(e 0 , −) = f −1 , and Ad(P )(g −2 ) = g −2 , the image under π * of the horizontal subbundle of T * G spanned by η t (B(e 0 , −)) is the annihilator of H. Let e I and v I be as in Section 2.4, and define a frame on M by E i = π * (η −1 (e i )) and T = π * (η −1 (2e 0 )). Choose θ such that θ(T ) = 1 and θ annihilates H. Because π * (θ) is a multiple of η t (B(e 0 , −)) and κ −2 = 0, dθ(E α , E β ) = 2ω αβ , so that θ is a contact one-form with Reeb field T . Choose also a θ-adapted coframe dual to the given frame. By (4.4) the components, κ(e i , e j ), of the curvature function are identified with the components, R ij , of the curvature of the tractor connection, and 2κ(e 0 , e i ) = R 0i . Choose B so that with respect to the standard representation, ρ : Sp(n, R) → GL(V), B(x, y) = 
If ∂ * κ(e j ) = 0, then τ j(pq) = 0, from which follows 0 = 2τ i(jk) − 2τ j(ik) = 3τ ijk , so that ∂ * κ = 0 implies the contact torsion vanishes. On the other hand, τ ijk = 0 implies Q ij = 0 and P [αβ] = 0, and, by (3.20) , it implies also V s s = 0 and U s ps = 0. (3.5), (3.20) It is desirable to find a conceptual description of K that makes clear its Pinvariance. The conditions in (4.21) other than κ −2 = 0 are purely algebraic consequences of the Bianchi identities, (4.18) and (4.19) , and so must be P -invariant. As ∂ * is P -equivariant andp is invariant under the adjoint action of P on g, the condition that ∂ * κ take values inp is P -invariant, and so the equivalent conditions (4.22) are P -invariant as well. The formulation of the remaining conditions is ad hoc and so demonstration of their P -invariance requires explicit computations.
Proof of Theorem C. The construction from the ambient connection of the Cartan connection demonstrates the existence of a regular (g, P ) Cartan connection inducing the given contact projective structure, having curvature in K, and satisfying ∇ η X = δ. Now let η be a compatible (g, P ) Cartan connection with curvature in K and inducing the given contact projective structure. By Lemma 4.2, η is gauge equivalent to a Cartan connection for which the associated covariant differ-
Let R η and τ η denote the curvature and torsion of ∇ η , and recall that
, and R η (X, X)X = 0 by (4.4), so that τ η (X, −) = 0. This shows that ∇ η satisfies conditions 1-3 of Theorem B. Because ker B(e 0 , −) = f −1 , the one-form ψ 0 = η t (B(e 0 , −)) is horizontal and annihilates η −1 (f −1 ). Because Ad(b)(e 0 ) = e 0 for all b ∈P , though not for all b ∈ P , ψ 0 isP -invariant, though it is not P -invariant, and hence ψ 0 is the pullback of some one-form on L which, by compatibility, annihilates ker α. Because ∇ η X = δ, the frame defined in T L by F I =π * (η −1 (e I )), is an adapted symplectic frame, and from this there followsπ * (α) = The identification τ ijk = b ijk and Proposition 4.1 show that η is normal if and only there vanishes the contact torsion of the underlying contact projective structure. Direct computation shows that a change of gauge preserving condition 1 must be trivial, so that this condition singles out the ambient connection as a distinguished representative of the given isomorphism class of Cartan connections.
Remark 4.1. By (4.38) and (4.39), the application to the Cartan connection constructed from the ambient connection of the transformation formulae in (4.26)-(4.35) gives the rules for the transformations of the components of the curvature of the ambient connection under change of scale. For example, (4.27) shows the invariance of the contact torsion, (4.29) recovers (2.38), and (4.33) recovers (2.39).
Applications
Lifting Projective Structures on Integral Symplectic
Manifolds. An integral symplectic manifold admits a canonical contactification, and projective structures on the symplectic manifold can be lifted to contact projective structures on the contactification. This construction provides many examples of contact projective structures. It is necessary to take the slightly unusual perspective of allowing the affine connections representing a projective structure to have torsion.
Proposition 5.1. Given a projective structure on the symplectic manifold (N, ω), there exists a unique affine connection, ∇, representing the projective structure, having torsion, τ , and such that 1. ∇ω = 0.
The trace of the torsion of ∇ vanishes.
Proof. Raise and lower indices with ω. Let ∇ be a connection with torsion, τ , representing the given projective structure, and define∇ by letting its difference tensor with ∇ be Λ ijk = −∇ k ω ij − 3 2 τ [ijk] . As Λ (ij)k = 0,∇ represents the given projective structure. (2.4) and (2.5) show∇ k ω ij = 0. Consequently ∇ may be assumed to make parallel ω. If∇ is another representative of the given projective structure satisfying Condition 1, there must be a one-form, γ, so that the difference tensor, Λ ij k , of∇ and ∇, satisfies Λ (ij)k = 1 2n+1 (ω ik γ j + ω jk γ i ), and Λ k[ij] = 0. Because a three tensor skew in two indices and symmetric in two indices must vanish, the most general possible choice for Λ ijk is Λ ijk = 2 2n+1 (ω ij γ k + ω ik γ j ). Tracing the difference of the torsion tensors shows that the unique choice of γ so that 2 holds also is γ i = 1 2 τ ip p .
On a symplectic manifold, (N, ω), such that ω represents an integral cohomology class [ω] ∈ H 2 (N, Z), there is a principal S 1 -bundle π : M → N with connection one-form, θ, such that the curvature dθ = π * ω. The kernel of θ is a contact structure on M and the infinitesimal generator, T , of the principal S 1 action is the Reeb vector field of θ. The collection of all horizontal lifts of the paths in a projective structure on N determines on M a contact path geometry, which will now be shown to be a contact projective structure. Fix ∇ representing the given projective structure and making ω parallel. Define on M a connection,∇, bŷ
whereX is the horizontal lift determined by θ of the vector field X on N . It is straightforward to check that∇θ = 0,∇dθ = 0, and i(T )τ = 0. Moreover, if ∇ is the unique representative given by Proposition 5.1, then the trace of the torsion of ∇ vanishes, so that∇ is the unique connection associated to θ by Theorem A. The proof, which is an exercise in using the Bianchi identities, is in [9] . Next there is proved an analogous theorem for pseudo-hermitian manifolds.
A pseudo-hermitian structure is a contact manifold equipped with a distinguished contact one-form, θ, and an almost complex structure, J, on H. Here J : H → H is a real automorphism such that J i p J p j = −δ i j and assumed to satisfy the compatibility condition then the pseudo-hermitian structure is said to be integrable. By assumption (5.1), the inner product defined on H by g ij = −J ij is symmetric, and because dθ is nondegenerate on H, g is non-degenerate on H. The almost complex structure J determines an (n − 1)-dimensional complex subbundle of the complexified tangent bundle, T 1,0 ⊂ CT M , comprising vector fields of the form X +iJ(X) for X ∈ Γ(H). Define the Levi form, L(U, V ) = −iω(U,V ) for U, V ∈ Γ(T 1,0 ). In [19] and [20] , Tanaka constructed a canonical affine connection associated to a pseudo-hermitian structure. In the integrable case his construction specializes as in the following theorem, the statement of which is taken from [21] . Note that, while ∇ k J i j = 0, ∇ 0 J i j = 2A i p J p j . LetR αβγ σ denote the curvature of∇. Lemma 2.32 shows that
Define a quadratic form on T 1,0 by Q(Z) = L(R(Z,Z)Z, Z) for Z ∈ Γ(T 1,0 ). For Z ∈ Γ(T 1,0 ), Webster, [24] , defined by Q(Z) = K(Z)L(Z, Z) 2 the holomorphic sectional curvature, K(Z), of the subspace spanned by Z andZ. The pseudohermitian structure has constant sectional curvature κ if there is a constant κ so that K(Z) = κ for all Z ∈ Γ(T 1,0 ). The pseudo-hermitian connection is said to have transverse symmetry if A ij = 0. The following theorem is the desired pseudo-hermitian analogue of the Beltrami theorem. structure. Two pseudo-hermitian structures are homothetic if their contact oneforms differ by a constant. Two pseudo-hermitian structures represent the same CR structure if their contact one-forms differ by a non-vanishing scale factor. It is easy to prove that conformally equivalent Riemannian metrics determine the same projective structure if and only if they are homothetic. Similarly, using (2.8) and the analogous formula for the transformation of the pseudo-hermitian connection under a change of scale, it may be shown that, if the dimension is at least five, two integrable pseudo-hermitian structures representing the same CR structure generate the same contact projective structure if and only if they are homothetic. The idea for the following example of non-homothetic, contact projectively equivalent pseudo-hermitian structures comes from Matveev's description, [15] , of Beltrami's example of projectively equivalent non-homothetic Riemannian metrics. Any linear conformal symplectic automorphism, A, of (R 2n , Ω), determines the contactomorphism, x → ψ(x) = |Ax| −1 Ax, of S 2n−1 . As A preserves linear isotropic subspaces, ψ preserves the intersections with S 2n−1 of isotropic subspaces. These intersections are equatorial spheres each of which is everywhere tangent to the contact hyperplane. In particular, ψ maps contact lines on S 2n−1 to contact lines, so ψ is an automorphism of the standard flat contact projective structure on S 2n−1 . Equipping C n with the standard Hermitian form the imaginary part of which is Ω induces on the unit sphere, S 2n−1 , the standard pseudo-hermitian structure. Because ψ is a contactomorphism, the standard pseudo-hermitian structure on S 2n−1 may be pulled back via ψ. As ψ preserves contact circles, the contact geodesics of the pulled back pseudo-hermitian structure are necessarily the same as those of the standard pseudo-hermitian structure. ψ is a homothety of the standard pseudo-hermitian structure if and only if it agrees with the restriction to S 2n−1 of a scalar multiple of a unitary linear transformation, and it is easily checked that this happens if and only if A is a scalar multiple of a unitary transformation. Consequently, if A is not a constant multiple of a unitary transformation, then these pseudo-hermitian structures are not homothetic, though they induce equivalent contact projective structures.
